We consider the effect of volume diffusion on measurements of the bidirectional scattering distribution function when a finite distance is used for the solid angle defining aperture. We derive expressions for correction factors that can be used when the reduced scattering coefficients and the index of refraction are known. When these quantities are not known, the expressions can be used to guide the assessment of measurement uncertainty. We find that some measurement geometries reduce the effect of volume diffusion compared to their reciprocal geometries.
INTRODUCTION
The bidirectional scattering distribution function (BSDF) quantifies the angular dependence of diffuse scattering by a uniform surface [1, 2] . It is formally defined by the ratio of the radiance L r of the surface to the uniform irradiance E i on an infinite uniform surface. It can also be shown that, when irradiance is limited to a small area of a sample, the BSDF can be expressed as [2, 3] f r dΦ r Φ i dΩ cos θ r ;
where dΦ r is the radiant power scattered into solid angle dΩ, Φ i is the incident radiant power, and θ r is the angle of propagation with respect to the surface normal. The BSDF does not characterize the lateral diffusion of the radiation, nor does it quantify the depth beneath the surface at which the radiation is emitted. In a typical measurement scheme, the solid angle dΩ is determined by an aperture of known area dA located a distance R from the center of the illuminated spot, so that dΩ dA∕R 2 . The scheme can also be reversed, so that the aperture is on a source of uniform radiance [4, 5] . In reflectance or transmittance, the BSDF is often referred to as the bidirectional reflectance or transmittance distribution functions (BRDF and BTDF), respectively. High accuracy BSDF measurements rely on accurate knowledge of the geometric parameters of the system, especially dA, R, and θ r . In previous work, correction factors have been determined that account for finite illumination and aperture areas in measurements [6] . Materials with a high degree of volume diffusivity raise the question of what distance and angles one should use in Eq. (1). In the limit of infinite distance, the measurement should approach a well-defined quantity. The end use of the diffuser may be such that the Sun is the source of irradiance and a radiometer is used to measure the radiance. However, in the laboratory, R is usually much shorter, usually between 100 and 600 mm. Transmissive diffusers tend to have characteristic diffusion lengths comparable to their thickness, in order to have high efficiency, making uncertainty in R particularly large. This uncertainty is particularly true for thick transparent samples, in which much of the scattering arises from deep within the material, if not at the back surface. In this work, we discuss how one can estimate this effect. Figure 1 shows six different situations that we will discuss. Optical radiation is incident from either the bottom or top sides of the diagrams, and diffuse radiation is measured from the top side. The sample is aligned so that the center of the top of the sample is a known distance R and angle θ r from the detector. In all of these cases, we will assume that the contributions to the scattered radiance, and thus the BSDF, can be characterized by a depth-dependent partial distribution function, which expresses where the last significant scattering event occurs before the radiation escapes the sample. That is, the contribution to the BSDF from a layer between z and z dz is f zdz. The different examples shown in Fig. 1 correspond to different partial distribution functions.
LAMBERTIAN CASE
Consider the sample illustrated in Fig. 1(a) , which might describe an opal glass diffuser, viewed away from the opal coating. The material has an index of refraction n and a smooth exposed interface. For a distance z 0 into the material, there is inappreciable contribution to the BSDF; after that, the contribution decays exponentially with a characteristic decay length ζ. So, we let the contributions to the BSDF be the piecewise function
where f r is the total BSDF and z is measured into the material from the top-most interface. We will assume that f r is constant with angle, so that variation of signal with angle is determined by the cosine in the denominator of Eq. (1) and the change in the apparent solid angle. We will defer discussion of what determines ζ and what happens when there is angle dependence to f r until later in this paper. Figure 2 shows the path the emitted radiation takes as it reaches the detector. The center of the radiation from a given depth z is offset by an angle θ i with respect to the surface normal. This angle is measured internal to the material, so Snell's law would need to be applied to relate it to an external angle. Thus, the center of the ray is offset by x z tan θ i cos ϕ r , where ϕ r is the azimuthal scattering angle. The ray leaving the emission point at depth z and offset x propagates a distance L 0 at an angle α 0 , refracts to an external angle α, and then travels L 00 before reaching the detector. The quantity x 0 is the horizontal coordinate where the ray leaves the surface and is an intermediate in the calculation.
From Snell's law, we have
where
We can combine Eqs. (3)- (7), eliminating α, α 0 , L 0 , and L 00 , solve for z in terms of x 0 , Taylor series expand the result in x 0 , and then solve for x 0 to yield an expression for x 0 that is valid to first order in z:
Back substitution of x 0 into Eqs. (4)- (7) yields α, α 0 , L 0 , and L 00 as functions of z, R, θ r , ϕ r , and θ i . The radiation appears to radiate from a distance L into the surface along the direction of viewing. Figure 3 shows the transmission of a solid angle through the interface. Due to the non-normal incidence, there is astigmatism, so that the distance L is not unique and has one value L ∥ in the plane of the figure and another value L ⊥ out of that plane. That is, upon refraction, a right circular cone inside the material becomes an elliptical cone outside the material. By matching the intersection of these two small cones at the surface boundary, applying Snell's law at the interface, we find that
The effective distances between the emission and the detector are, therefore, L 00 L ∥ and L 00 L ⊥ , respectively. The detected radiant power from that emitted between z and z dz is
Combining Eqs. (11)- (13) with expressions found for α, α 0 , L 0 , and L 00 , expanding and keeping only terms linear in z, and after significant simplification, we find that the differential power reaching the detector from that layer can be written as
where γ 2β 2 cos 2θ r cos 2 θ r sin 2 θ r β 3 3 sin θ r tan θ i cos ϕ r :
Using the differential BSDF expression, Eq. (2), in Eq. (14) and integrating, we arrive at the result
That is, when we apply Eq. (1) to our measurement, we will measure a BSDF different from the true value by
The correction in Eq. (17) is valid to the extent that we performed a power series expansion to obtain Eq. (8). Higher order terms are expected to yield terms inside the brackets of the order of ζ z 0 γ∕R 2 . Integration of the BSDF yields the total reflectance or transmittance of the material: ρ ZZ f r cos θ r sin θ r dθ r dϕ r :
If we have a perfectly reflecting diffuser, f r 1∕π, integration of the measured BSDF using Eqs. (15) and (17) yields ρ meas 1. That is, the same integral of γ is found to vanish. Radiation lost at certain measured directions is found to be compensated by that gained in other directions, as expected. The sensitivity factor γ is dimensionless and describes the geometric and optical factors that relate the fractional error in the measurement to the mean depth of the scattering, ζ z 0 , relative to the distance to the detector, R. Figure 4 shows the factor γ for three indices of refraction (n 1.3, 1.5, and 1.7) and two internal incident angles (θ i 0°and 45°) for an in-plane geometry (ϕ r 0°). For θ i 0°, we observe that, at angles near 50°, the factor γ is close to zero. At these angles, changes in effective distance from the detector approximately compensate for the change in the angle of viewing. Thus, measurements in this geometry will be relatively insensitive to optical diffusion in the sample. For normal viewing, γ is independent of incident angle and has larger values ranging from 1.18 and 1.54. These results suggest that (0°, 45°) (incident, viewing) measurements are preferred to (45°, 0°) measurements, despite the expectation of reciprocity, at least insofar as the effects of diffusion are concerned.
The sample described in Fig. 1(b) can be thought of as a special case calculated above. That is, as there is no transparent, nonscattering layer, z 0 0. The samples described in Figs. 1(c) and 1(d) can be determined by modifying the differential BSDF function, f z, using a Dirac delta function to characterize the contributions from the interfaces. For example, the differential BSDF function for Fig. 1(c) would be f z f r;rough δz
where f r;rough describes the contributions with their last scattering event coming from roughness. Figure 1(d) would simply be the case of Fig. 1(c) with z 0 0. Figure 1(e) would have f z f r δz − z 0 ;
where all of the BSDF f r is attributed to the buried rough surface, and Fig. 1(f 
where the front surface contributes f r1 , while the back surface contributes f r2 , and f r f r1 f r2 . One finds for Fig. 1(b) that the measured BSDF would be
For Fig. 1(c) :
For Fig. 1(d) :
For Fig. 1 (e):
For Fig. 1(f ) :
ESTIMATING PARAMETERS
We now discuss what value to use for ζ. Presumably, it is related to the scattering coefficient μ s and the asymmetry parameter g (the average of the cosine of the scattering angle) often used in radiative transfer equation calculations. The reduced scattering coefficient, μ 0 s μ s 1 − g, is an estimate of the rate at which radiation randomizes its direction in a material, and we propose that the scattering length ζ 1∕μ 0 s be used. Scattering coefficients can be determined by measuring both reflectance and transmittance and performing inverse radiative transfer equation simulations [7] . Measurements of the reduced scattering coefficient of sintered polytetrafluoroethylene [8] , a material often used for diffuse reflectance reference standards [9] , found μ 0 s 16.7 mm −1 and g 0.9, which would yield ζ 0.060 mm. Since a typical distance R ranges from 100 to 600 mm, and letting γ 1, ignoring this effect can yield a relative error ranging from about 0.01% (for R 600 mm) to 0.06% (for R 100 mm). These errors are well within the uncertainty budget for these instruments, as other effects tend to dominate that budget.
Transmitting diffusers usually have significantly longer scattering lengths. Kubelka-Munk theory [10] can be used to yield a reasonable value for the reduced scattering coefficient, and in the absence of absorption, μ 0 s is approximately 4S∕3, where S is the Kubelka-Munk scattering coefficient [11] . As an illustration, a 3 mm thick nonabsorbing volume diffuser having a reflectance ρ 0.7 and a transmittance τ 0.3 would have μ 0 s 1 mm −1 , so that ζ 1 mm. In this case, ignoring the effect of diffusion would yield a relative error ranging from about 0.2% to 1%. Such errors begin to contribute significantly to the overall uncertainty budget of a highaccuracy instrument. Measurements of low-level scatter from a 10 mm thick sample, where scatter can occur at either of the two interfaces, can yield errors as large as 1.7% to 10%, respectively, or even more for some geometries.
In many cases, a diffuser's exposed surface is very rough, like that illustrated in Fig. 1(d) . If the roughness is great enough that one would expect there not to be any coherent (normal) transmission through the surface in the absence of the volume diffusion, then one can safely assume that the last scattering event is dominated by the surface roughness, and one can ignore the volume diffusion effects. We propose that one assign an effective asymmetry parameter g r , that characterizes, like that used for volume scattering, the average of the cosine of the local scattering angle induced by the roughness. If the surface does not scatter, then g r 1, while, if the surface scatters the radiation isotropically, g r 0. We then believe that f r;rough f r 1 − g r is that fraction that should be assigned to scattering by the rough surface.
NON-LAMBERTIAN CASE
In the assessment above, we assumed that the BSDF does not vary with angle, so that the dominant variation of the signal with angle is the cosine dependence of the projection of the sample with respect to the detector. Since the behavior of γ is reliant upon compensation between the variation in distance and the variation in angle, we consider the effect of a varying BSDF on the result. Using a similar analysis as above, expanding the BSDF in a Taylor series and keeping the first term, we find that the sensitivity factor is replaced by γ 0 γ 1 f r df r dθ r cos θ r β tan θ i − sin θ r β :
The next term would be quadratic in the logarithmic derivative. Ignoring Eq. (27) is fine if df r dθ r ≪ 1 rad −1 :
That is, the relative BSDF must vary by much less than 1.7% for each degree. This condition would be met by any diffuse reflectance standard. Measurements for materials having strongly varying BSDFs tend to have other uncertainties that dominate the effects discussed here.
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CONCLUSIONS
In conclusion, we have estimated the effects of volume diffusion on BSDF measurements, where the mean last scattering event determines the distance and angle to the detector. We derive expressions for the ratio of the measured BSDF to the true BSDF. These expressions can be used to either correct for BSDF measurements or to provide estimates of uncertainties in those cases where the index of refraction, scattering length, or surface roughness are unknown. We also find that there are measurement geometries where the effect can be minimized. Last, it should be recognized that the corrections discussed here should be kept suitably small, so as to reduce a measurement uncertainty, not to dominate the measurement result.
